





Equations that follow from the Navier-Stokes equation and incom-
pressibility but with no other approximations are “exact.”. Exact equa-
tions relating second- and third-order structure functions are studied, as
is an exact incompressibility condition on the second-order velocity struc-
ture function. Opportunities for investigations using these equations are
discussed. Precisely defined averaging operations are required to obtain
exact averaged equations. Ensemble, temporal, and spatial averages are
all considered because they produce different statistical equations and
because they apply to theoretical purposes, experiment, and numerical
simulation of turbulence. Particularly simple exact equations are ob-
tained for the following cases: i) the trace of the structure functions, ii)
DNS that has periodic boundary conditions, and iii) an average over a
sphere in r-space. The last case (iii) introduces the average over orienta-
tions of r into the structure function equations. The energy dissipation
rate ε appears in the exact trace equation without averaging, whereas in
previous formulations ε appears after averaging and use of local isotropy.
The trace mitigates the effect of anisotropy in the equations, thereby re-
vealing that the trace of the third-order structure function is expected
to be superior for quantifying asymptotic scaling laws. The orientation
average has the same property.
1 Introduction
Equations relating statistics for turbulence studies, such as Kolmogorov’s
(1941) equation are asymptotic equations. This has required experimenters
to seek turbulence that satises the criteria of the asymptotic state. The
present approach is to derive exact statistical equations. These can be used to
determine all eects contributing to the balance of statistical equations. By
\exact" we mean that the equations follow from the Navier{Stokes equation and
the incompressibility condition with no additional approximations.
Exact equations have the potential to detect the limitations of direct
numerical simulation (DNS) and of experiments and to study the approach to
local homogeneity and local isotropy and scaling laws (Hill 2001). For those
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purposes, the averaging operation must be exactly dened and implemented;
that is done here. The methods developed here can be used on the exact
structure-function equations of all orders N ; those equations are in Hill (2001).
It is useful to further investigate the exact second-order (N = 2) equation,
which relates second- and third-order structure functions, because it has special
simplications that the higher-order equations (N > 2) do not possess and
because the second-order equation is the most familiar. Exact equations satisfy
the need perceived by Yaglom (1998) for careful derivation of dynamic-theory
equations and the perceived value placed by Sreenivasan & Antonia (1997) on
aspects of turbulence that can be understood precisely. Experimental data have
been used to evaluate the balance of Kolmogorov’s equation (Antonia, Chambers
& Browne 1983; Chambers & Antonia 1984) and generalizations of it (Lindborg
1999; Danaila et al. 1999 a,b; Antonia et al. 2000). This report supports such
experimental work as well as precise use of DNS by giving exact equations to
be used in such evaluations. The connection between the derivations presented
here and any experiment or DNS is important because the equations relate
several statistics and therefore are most revealing when data are substituted
into them.
The equations derived here are exact for every flow, whether laminar or
turbulent, provided that no forces act on the fluid at the points of measurement,
which points are denoted below by x and x′. Forces can be applied near the
point of measurement; e.g., the equations are exact for hot-wire anemometer
supports just downstream of the measurement points. The cases of forces
at the points of measurement and throughout the fluid are considered in Hill
(2002), wherein the Kolmogorov flow computed by Borue & Orszag (1996) is
used as a specic example.
The ensemble average is typically used for theoretical studies, the tem-
poral average for experimental data, and the spatial average for data from DNS;
thus all three are employed here. Ensemble, time and space averages are not
interchangeable because the averages commute dierently with dierential op-
erators within the dynamical equations. For the homogeneous case and innite
averaging volume, the spatially averaged equation (??) and the ensemble aver-
aged equation (??) reduce to the same form, and similarly for the temporally
averaged equation for the stationary case and innite averaging time.
Ongoing interest in turbulence intermittency includes accurate evalua-
tion of inertial-range exponents of structure functions, for which purpose precise
denition of an observed inertial range is needed. The third-order structure
function can serve this purpose because it has a well-known inertial-range power
law and the 4/5 coecient (Kolmogorov 1941). Deviations from the 4/5 coe-
cient are observed in experiments (Anselmet, Gagne & Hopnger 1984, observe
values greater than 4/5 in duct flow and less than 4/5 in jet flow despite the
Reynolds numbers being nearly equal; Mydlarski & Warhaft 1996 and Lindborg
1999 obtain values less than 4/5, etc.); this casts doubt on the precision with
which measured exponents apply to the intermittency phenomenon (Sreenivasan
& Dhruva, 1998). The equations derived here, when evaluated with data, can
reveal all eects contributing to the deviation from Kolmogorov’s 4/5 law and
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